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ABSTRACT 
The theory of Hadamard matrices is concerned with finding maximal sets of or- 
thogonal vectors whose components are + l's and --l's. A natural generalization of
this problem is to allow entries other than :k l's or to allow entries from some fixed 
field or ring. In the case of an arbitrary field or ring there may be "orthogonal" sets of 
"vectors" whose cardinality exceeds the "dimension" of the space. The purpose of 
this paper is to obtain an explicit formula for the maximum cardinality of such an 
orthogonal set when the ring involved is Z,~, the integers modulo m. 
1. DEFINITIONS AND NOTATION. Let R be a ring. A finite-dimensional 
quasi- innerproduct space (qips) V over R (of dimension ) will be an 
n-dimensional R module with an appropriate bilinear form with an ortho- 
normal  basis; that is, we can consider V to be R ~ and 
(a I ,..., an)" (bl ..... b~) = ~ a,b,. 
i 
I f  ~, fl ~ V then  o~ and fl a re  o r thogona l  i f  a 9 fl = 0. Not ice  that  there  may 
exist  ~ E V, o~ ~:  0, such  that  ~ 9 ~ = 0, i .e., o~ is se l f -o r thogona l .  
1. DEFINITION. If  V is a finite-dimensional qips thenf (V)  will denote 
the maximum cardinality of a set of elements of V which are pairwise 
orthogonal. I f  V is (Zm) * we will write fro(n) forf(V).  
The goal of this paper is to obtain a formula for f~(n) in terms of n 
and of the prime decomposition of m. 
2. In  what follows F will be a field. We first recall the following result 
from elementary algebra. 
* The author is grateful to the referee for a number of valuable comments and correc- 
tions. 
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2. LEMMA. Let V be an n-dimensional qips over F and let a~ ..... c~ ~ V 
be linearly independent. Then dim{a 1 .... , a~}• = n --  r, i.e., the dimension 
o f  the subspace o f  V o f  vectors orthogonal to each o f  al ,-.., a~ is n --  r. 
3. COROLLARY. Under the condition o f  Lemma 2 let 0 be a set o f  
pairwise orthogonal, self-orthogonal vectors. (We will say that 0 is an 
oso set.) Then dim(O> ~< [n/2], where (0> is the span o f  O. 
4. THEOREM. Let h~(n) be the maximum cardinality o f  a linearly 
independent oso set (lioso) in an n-dimensional qips over Z~ . Then 
[n/2] -- 1 if n ~ 2(rood 4) and p ~ 3(mod 4), 
h~(n) 
[n/2] otherwise. 
PROOF: CASE (i). I f  p = 1 (mod 4) or if p = 2 there exists a e Z~ 
such that 1 -k a 2 = 0 (mod p). The set 
{(1, a, 0, 0 ..... 0), (0, 0, 1, a, 0, 0 ..... 0) ..... (0,..., 0, 1, a, 0,..., 0) ...} 
is lioso and has cardinality [n/2] so the result follows by Corollary 3. 
CASE (ii). I f  p--= 3 (mod 4) then there exists a, b E Z~ such that 
1 +a 2 -?b  2 ~0(modp) .Theset  
{(1, a, b, 0, 0 ..... 0), (0 , - -b ,a ,  1, 0, 0,..., 0), 
(0, 0, 0, 0, 1, a, b, 0, 0,..., 0). (0, 0, 0, 0, 0, - -b ,a ,  1, 0, 0,..., 0)-..} 
has the desired cardinality and is lioso, so the result follows from 
Corollary 3 in all cases except when n = 4k + 2. We must therefore 
show that h~(4k + 2) ~< 2k when p ~ 3 (rood 4). Assume, therefore, 
that {c~ 1..... a~+l} is lioso. By taking appropriate linear combinations and 
relabeling if necessary we may assume that ai = ei +/3~, where 
i 
r = (0 ,0  ..... 0, 1, 0,..., 0) fli " %" = 0 
for 1 ~<j~<2k+ 1. Thus the fli are 2k+ 1 vectors in a 2k+ 1- 
dimensional qips over Z~ such that 
/~ 9 = -~.  
Since --1 is not a square in Z~ if p ~ 3 (mod 4) the result will follow 
from the following: 
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5. LEMMA. Let V be a 2n + 1-dimensional qips over a field F and 
suppose that ill,..., fl~+l e V are orthogonal and each of  norm r(flj 9 flj = r). 
Then 3a ~ F such that r = a 2. 
PROOF: Let A be the matrix of  the fii in terms of an orthonormal  
basis, the coefficients of fii being given by the i-th row in A. Then 
AA t = rI ( I  = the identity matrix). 
Hence (detA)2= r2'~+1; so, if  r =/= 0, r = (r -~ detA)  2. I f  S is a set, 
let I S [ = the cardinal ity of  S. 
6. THEOREM. The values of  f~(n) are given by the following table 
when p is a prime: 
n - -  
4k 4k+ l 4k+ 2 4k+ 3 
p 2 2 2k 2 2k + l 2 2k+1 2 2k+1 + 1 
l (mod 4) p~ p2k + 1 p2k+l p~k+l + 1 
3(rood4) p~k p2k+ 1 p2k+2 p2k+l+ 1 
except hatf~(2) = 3,f2(3) ---- 4,f2(4) = 5 and f2(5) = 6. 
PROOF: Let O be a maximal orthogonal  set. We may write 
0 = ,SP u ./g ", 
where 5 '~ consists of  oso vectors and JV" consists of  vectors that are not 
self-orthogonal (nso vectors). Then, since O is maximal,  5 a is a subspace 
of V of dimension r, say, and ] 5 a I = P~. The vectors in Jff must be 
l inearly independent. Furthermore,  by Lemma 2, 
2 r+ l~ l~n.  
Hence I O I ~< P~ + n - -  2r. For  p >~ 3, p" - -  2r is an increasing function 
of  r; for p = 2, it is an increasing function of r for  r /> 1. Theorem 4 
gives the maximum for r. 
The maximum of p~ + n - -  2r, subject o 0 ~ r <~ h~(n), occurs when 
r = h~(n) for p > 2; for p = 2, the maximum occurs for r = 0 for 
n = 1, 2, 3, 4, 5 and for r = h2(n) for n >~ 6, since h2(n) = [n/2]. Substi- 
tution of the values of  h~(n) f rom Theorem 4 then show that the values 
off~,(n) in the above table are upper bounds. 
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That these upper bounds are attained can be seen by choosing O as follows: 
for p =2,  n= 1 O={(0) , (1 )} ,  
p -~2,  n---- 2 O ={(0 ,0) , (0 ,  I) ,(1,0)}, 
p=2,  n=3 O = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}, 
p -~2,  n=4 O = {(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0), 
(0, 0, ~, 0), (0, 0, 0, 1)}, 
p=2,  n=5 O = {(0, 0, 0, 0, 0), (1, 0, 0, 0, 0), (0, 1, 0, 0, 0), 
(0,0, 1, 0, 0), (0, 0, 0, 1,0), (0, 0, 0, 0, 1)}; 
for the remaining cases we let O = 5P w JV', where 5 p is the orthogonal 
set spanned by the maximal lioso constructed in Theorem 4 and ~/" is 
chosen as follows: 
~V" = r i fp  = 2 or i fp  --~ 1 (mod 4) and n is even; 
JV = {(0, 0,..., 0, 1)} i fp  = 2 orp  ~ 1 (mod 4) and n is odd; 
JV" = r i fp  ~ 3 (rood 4) and n ~ 0 (mod 4); 
A/" = {(0, 0 ..... 0, 1)} i fp  --~ 3 (mod 4) and n --= 1 (mod 4); 
JV = {(0, 0 ..... 0, 1, 0), (0, 0,..., 0, 0, 1)} if p ~ 3 (rood 4) and n ~ 2 
(mod 4); 
JV" = {(0, 0 ..... 0, --b, a)} i fp  ~ 3 (mod 4) and n ~ 3 (mod 4). 
Theorem 6 above solves our problem for spaces over Z~ where p is a 
prime. The next result shows how to express fro(n) in terms of the prime 
decomposition of m. 
7. THEOREM. Let (m, k) = 1. Suppose 0 is an orthogonal set in V 
(a qips over Z~k). Let O~ = {0(mod r) : 0 ~ O} and write O~ = 5P~ t3 
where Sat is oso (mod r) and ~ consists o f  non-self-orthogonal vectors 
rood r. Then 
IO l  ~< 1 s",,, I l~ l  + I .-'r I + [ .~  I. 
Conversely, i f  Ore and Ok are orthogonal sets mod m and mod k, respectively, 
with o ~ 0~ , o e Ok and O~ = 5am w .Arm, Ok = 5ek U JV'~ , as above, 
then ~ an orthogonal set 0 rood mk such that 
PROOF: Notice that, if 01 , 02 ~ V, 01 =>4= 02 and 01 9 0n = 0, then either 
01 ~ 02 (rood m) and 01 is self-orthogonal mod m, or else 01 ~ 02 (rood m). 
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Hence for each ~ e ~4~',, there is a unique 0 ~ O such that 0 =- ~ (mod m). 
Thus 
IO1 ~< I Se,~ I I Se~ I + I ~4r~ [ + I ~4r~ I.
Conversely, given Om and Ok let 
i :V - - -~V,~• V~ 
be the map which sends 0 into (0 mod m, 0 mod k) and let O be the set 
in V such that 
i(o) = (s~ x ~)  w fro} x .Ap~) u (.A/;. x {0}). 
Then O is orthogonal in V and has the desired cardinality. 
In what follows let p be a prime, k and n positive integers and let 
w = (z~)- .  
8. DEFINITION. Let O~ 1 , . . . ,  O~ r E W. Then we say that ~x ,..., c~r are 
independent (abbreviated ind) if 
~, aioq = 0 ~ aioq = 0 for each i, 1 ~< i ~< r. 
9. DEFINITION. Let ~ e W and let r be the unique integer, 0 ~ r ~< k, 
such that o~ ----- p~o~' where o~' ~ 0 (mod p). The degree of ~, denoted by 
deg o~, is defined to be k -- r. (Notice that deg 0 = 0.) 
10. DEFINITION. Let S be a subspace of W, i.e., a subset of V such 
that c~, fl E S, a, b ~ Z~ ~ as + bfl E S. A basis for S is an ind set I such 
that ( I )  = S (where ( I )  is the subspace of Wspanned by the elements of/). 
The degree of L deg/ ,  is the sum of the degrees of the elements of L 
deg S = deg L where I is a basis for S. I f  A C W, then deg A = deg(A). 
We will now state without proof two results about W that generalize 
the usual results about vector spaces. (We omit the proofs. Compare the 
results with the basis theorem for Abelian groups.) 
11. THEOREM. Let S C _ W. Then (S )  has a basis. I f  B1 and B2 are two 
bases for  (S )  then deg B1 = deg B2 9 Also, I(S)l = pdeg 5o. (Notice that 
deg W = nk.) 
12. THEOREM. Let  S C_ W. Then deg S ~ = nk --  deg S. 
We will also need the following simple result, which we will state 
without proof. 
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13. LEMMA. / f~ l  ..... ~ =~ 0 are independent, o f  degrees al ..... a~ , say 
o~ i = p~-a~c~i '  ' 
then ~1', .... ~r' are linearly independent modp (i.e., over (Z~)"). 
The next two theorems determine the max imum cardinality of an 
orthogonal set in IV. 
14. THEOREM. Let k = 2m, m apositive integer, W : (Z~,) ~ as before. 
I f  0 C_ W is an orthogonal set, then I 0 I ~ P~.  Conversely, there exists 
an orthogonal set 0 with I 0 I ~ pm~. 
PROOF: Let O be a maximal orthogonal set. Write O = ~9 ~ u J / ' ,  
where 5 p consists of self-orthogonal vectors and JV" of non-self-orthogonal 
vectors. I f  ct E JV" then c~ q~ (O\{~}). It  follows that deg Jff >/I  J ff  [ and 
deg SP ~ deg O -- [ ~ T. By Theorem 12, 
2 deg 5 p -k l-A/'[ ~ deg O + deg 5" ~ nk. 
Hence [ O [ = I 50 [ + [ sff J = pdeg ow Jr- I "A/" [ ~ pdeg ow -}- nk - -  2 deg Sp. 
The max imum of paeg . .~_ 2 deg 6 a subject to 0 ~ deg ~9 ~ ~ mn is 
pm, ,_2mn (assuming mn)3 or p )3) .  The cases in which p=2 
and mn = 1 or 2 can be checked directly. Thus 
[O I  ~p~" .  
Conversely, if O = {p~o~} where o~ ranges over all elements of (Zdn) '~, 
then O is an orthogonal set and [ O [ = p~'L 
15. THEOREM. Let k = 2m + 1, 0 C_ W be orthogonal and assume 
that either n ~ 3 or that p :;A 2. Then 
I O I ~< p(~,~+t,,(~)) § ( f , (n )  - -  g~(n)), 
where h~(n) is as in Theorem 4 and g~(n) = p~C~. Conversely, there exists 
an orthogonal set 0 C_ W with this cardinality. 
PROOF: Let Z be an orthogonal set modp so that [ Z ]  =f~(n)  and 
Z contains g~(n) oso elements. (Such a Z exists by Theorem 6.) Let 
O = {p~ + p~+lfl : ~ ~ Z, o~ self-orthogonal} 
(p~ : o~ ~ Z, ~ not self-orthogonal} 
where the 13 range over all elements in (Z~,,) '~. Then O is an orthogonal set 
o f  the desired cardinality. 
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As in Theorem 14, if O is an orthogonal set then 
] O i ~ pdeg Sa __ 2 deg 5 P + nk, 
where 9~ _C O is oso. We will show that deg 5 e ~ nm + h~,(n). This will 
prove the result since n -- 2h~(n) = fp(n) -- g~(n). 
Let 5 ebe  on oso subspace of Wand le t  ~ .... ,~be  abasis for 5C 
Let d~ be the number of c~ of degree i. We will show that 
2k+l 
(*) ~ id, ~ nm q- h~(n). 
~=~ 
This result, when combined with Theorem 11, will yield the appropriate 
inequality for [ 5~1. 
Write c~ i = p(k-deg ~)cq' as above. If deg ai ~ rn -[- 1 then c~i' (mod p) 
is self-orthogonal mod p. If deg ~- + deg ai ~ 2m + 2 then ~i' (mod p) 
and a~.' (rood p) are orthogonal rood p. Using this fact and Lemma 13 
we obtain the following equations: 
2dzm+~ + d2~ q- d2,~_~ q- "'" q- d~ G n, 
2d2,,+1 + 2d~,, + d~,,_~ + ... + d2 <~ n, 
2d2~+1 + 2d~ q- 2d2m-1 q- "'" + d3 ~ n, 
2d~m+x ~-2d2~ -? "'" + 2d~+2 -~ dm+~ q- dm ~ n, 
and 
d~m+l + d2m + -.. + d,,+~ <~ h~(n). 
Adding these inequalities gives (*). 
We remark that we can similarly prove that ./2~+1(2) = 2 ~+1 when 
m~>l .  
By combining the results and proofs of Theorems 6, 7, 14, and 15 
we can obtain our final result. The prime 2 causes special problems 
because of the values off2(2), f2(3), f2(4), and f2(5). 
16. THEOREM. Let 
Then 
m 2 ~ i~i a~ = Pi ' Pi distinct odd primes, ai ~ 1. 
i=1 
f~(n) = G(2 a, n) [ I  G(P~ ~, n) q- ~, F(p~ ~, n) 4- F(2 ~, n) 
i i 
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where 
G(p b, n) -~ g~(n) = t p(b-1/2)n+n~(.) 
(the maximum cardinality of  a oso). 
if b is even, 
if b is odd 
F(pb' n) = l f~(n) - g~(n) 
if b is even, 
if b is odd, 
except whenp = 2, b ~- 1, and n = 2, 3; 4, or 5, for which the values are 
as follows: 
(i) G(2, 2) = 1 and F(2, 2) = 2 if all the Pi = 3 (mod 4) and all 
the ai -~ 1, 
(ii) G(2,2)-----2 and F (2 ,2 )=0 if some P i~ 1 (mod 4) or some 
ai ~2,  
(iii) G(2, 3) = 2 and F(2, 3) = 1, 
G(2, 4) = 4 and F(2, 4) = 0, 
G(2, 5) = 4 and F(2, 5) = 1, 
i f s~> 1, 
(iv) as given if s = 0, i.e., m = 2, 
so A(2) = 3,A(3) = 4, A(4) = 5. 
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